COORDINATE NEIGHBORHOODS OF ARCS AND THE 
APPROXIMATION OF MAPS INTO (ALMOST) COMPLEX 

MANIFOLDS 



DEBRAJ CHAKRABARTI 

Abstract. We study the approximation of J-holomorphic maps continuous to 
the boundary from a domain in (D into an almost complex manifold by maps J- 
holomorphic to the boundary, giving partial results in the non-integrable case. For 
the integrable case, we study arcs in complex manifolds and establish the existence 
of neighborhoods biholomorphic to open sets in Euclidean space for several classes 
of arcs. As an application we obtain approximation of holomorphic maps 
continuous to the boundary into complex manifolds by maps holomorphic to the 
boundary, provided the boundary is nice enough. 



1. Introduction 

This paper is divided into three sections, which though mostly independent of 
each other, are devoted to the study of the following question: let d C, and let 
(X, J) be an almost complex manifold. Suppose that / is a continuous map from 
the closure Vt io X which is J-holomorphic on Vt. Can we approximate / by maps 
J holomorphic on (shrinking) neighborhoods of Vll 

In Section |21 we give some conditions under which such a map / can be approxi- 
mated by J-holomorphic maps in a neighborhood of Vt. Unfortunately this involves 
smoothness assumptions on the boundary dVt and on / as well (see Theorem ^ 
below.) 

As might be expected, when the almost complex structure J is integrable, we can 
say much more, since we have the tools of Complex Analysis at our disposal. In fact, 
recently Drinovec-Drnovsek and Forstneric have proved the following : Let S and 
X be complex manifolds, and let f2 (s be a strongly pseudoconvex Stein domain 
with boundary of class with k > A. Then every C^~'^ map from VL io X can 
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be approximated in the C'^"^ sense by maps which are holomorphic on (shrinking 
neighborhoods of) fl (see Theorem 2.1 in |5j). This is a consequence of the fact that 
the graph of such maps have a basis of Stein neighborhoods (Theorem 2.6 in 
In a forthcoming paper, they have been able to drop the smoothness assumption on 
the map to be approximated, and avoid the construction of Stein neighborhoods by 
use of the theory of sprays. In this paper, we consider the case in which the source 
manifold S is the complex plane C, for which we give a proof along completely 
different lines, and in the way obtain some results of interest on their own. 

Section El is devoted to the study of arcs (injective continuous maps from the 
interval) in complex manifolds. We ask the following question : under what cir- 
cumstances does such an arc have a coordinate neighborhood, i.e. a neighborhood 
biholomorphic to an open set in Euclidean space C"? For a real analytic arc a 
embedded in a complex manifold Ai (i.e., for each t G [0,1] we have a'{t) ^ 0), 
it is an old result of Royden that a coordinate neighborhood exists (see [E]). We 
show that embedded C circs cls well as C arcs with some additional conditions 
have coordinate neighborhoods (see Proposition K18I and Proposition l3.3l )For our 
application it is important not to restrict attention to smooth arcs alone. We 
consider a class of non-smooth arcs with finitely many non-smooth points which 
we call mildly singular (see Definition IH.4I below.) We show that such arcs have 
coordinate neighborhoods (Theorem El). 

As an easy consequence of the results of Section El in Section HI we obtain the 
following result, a special case of the results of Drivonec-Drovsnek and Forstneric 
(with slightly weaker hypothesis on than theirs on the boundary): 
Let k > be an integer and let A4 be an arbitrary complex manifold. Let f be aC^ 
map from Vt into M., where the open set d C zs bounded by finitely many Jordan 
curves, which are further assumed to be if k > 1. If f is holomorphic on Q, it 
can be approximated in the topology by holomorphic maps from (neighborhoods 
of) Vt into M. 

This paper is based on the author's Ph. D. thesis (||3j). He would like to take 
this opportunity to express his deepest gratitude to his advisor. Prof. Jean-Pierre 
Rosay. Without his constant encouragement and help neither the thesis and nor 
this paper would ever have been written. 
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2. Maps into almost complex manifolds 

We begin by introducing some notation. For a compact K C R^, an integer 
A; > and < ^ < 1, let C^'^{K) denote the Lipschitz space of order k + 9, denoted 
by Lip(A; + ^, K) in the text |I2J, where it is defined as a Banach space of A;-jets, with 
k-th derivatives Holder continuous with exponent 6. If the set K is nice, for example 
the closure of a smooth domain (which will always be the case in our applications), 
we can identify C^'^{K) with the space of those k times differentiable functions on 
K all whose partial derivatives of order k are Holder continuous with exponent 6. 
The following remarkable fact is proved in PSl(p-177, Theorem 4.) 

Lemma 2.1. Given A^, A; G N and < 9 < 1, there is a constant C with the 
following property. Given any compact K C R^, there is a linear extension operator 
E : C^^\K) C'^n^) such that \\E\\^^ < C. 

For a Riemannian manifold (X, (7), we define the space C^'^{K, X) of Lipschitz 
maps in the obvious way using local charts on X, and this space has a natural 
structure of a metric space. Observe however that the topology on C'''^{K, X) is not 
dependent on the choice of the metric g. 

Let {X, J) be an almost complex manifold, where we assume that the almost 
complex structure J is of class C^'^ for some k > 1 and < ^ < L For compact 
C C, we denote by T-Cj{K,X) the space of J-holomorphic maps from K to X. 
The map f : K X belongs to T-Cj{K, X), iff for some open Uf D K, the map / 
extends J-holomorphically to Uf. It is well known that nj{K,X) C C^'^^'%K,X). 
Let Aj {K, X) denote the closed subspace of Cy {K, X) consisting of maps / which 
are J-holomorphic on the interior of K. 

We can now state the following: 

Theorem 1. Let {X, J) be an almost complex manifold with the structure J of 
class C^'^ , where k > 1 and < 9 < 1, and let Q be an open set in C with 
boundary. Then in the metric space C'^'^(fi, X), the set 'Hj{il, X) is dense in the set 

First we prove a slightly stronger version 

(Proposition Q for X = R^'\ and then 
reduce the general case of an a.c. manifold X to it. 
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Lemma 2.2. Let k > 1 be an integer, u <C an open set, and B a 2n x 2n real 
matrix of C^~^'^ functions on uJ. Let L denote the differential operator given by 

dh 

mapping C^'^iw) into C^^^'^{Uj). There exists a constant Cq such that for any open 
subset W Cu, and any g G C^"^'^(W^) there exists h G C'''^{W) such that, on W , 

(1) Lh = g 
and 

Proof Fix R> such that u C Ar = {z e €: \z\ < R}. By Theorem A2 of 
one can solve the equation 

dh 

(2) ^ + Bh=~g 

oz 



on Ar with 



h 



^ < Kji \\g\\ck-i,e(^AR)' "where Kji is a constant depending only 

on R. (The proof in fH] assumes that k = 1, but it generalizes immediately) 

Let C be the absolute constant provided by Lemma 12.11 as an upper bound to 
the norm of linear extension operators mapping C^-'^'^ of a compact subset of 
to C'^~^'^(]R^). Extend the data g and the coefficients B of equation ()2.2p from W 
to g and B defined on R^, with ||(7|||^fc_i,fl(.j^2) < C \\g\\ck-\,9(W)^ ^"^^ similarly for B. 
We now solve equation |21 with estimates as mentioned above, and set h to be the 
restriction of h to W . □ 



2n 



We now prove a version of Theorem ^ for X = R' 

Proposition 2.3. Let Q (C be an open set and let U be an open neighborhood of 
Q. Let J be an almost complex structure of class C^'^ on R^", with k > 1. Let (3 be 
such that 6 < P < 1. Suppose that the C'''^ map f : U R^" is such that 

• f\n is J -holomorphic, and 

• -Afi^) = "^st; standard complex structure o/R^" = C". 
Then f can be approximated uniformly on Q by J -holomorphic maps. 

Proof. Suppose we are given eg > 0. We want to find a neighborhood fi^o of VL, and 
a J-holomorphic u from fi^o into i?^" such that \\u — < ^o- 
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We set 



and 



du 1 / du J 
dz 2 \dx dy 



du 1 f du J 
dz 2 \dx dy 



since Jgt corresponds to multiplication by i in the identification of R^" with C". We 
know that, provided that J+ Jgt is invertible, the condition that a map u from some 
subset of C into (R^", J) is J-holomorphic is given by 

^ , , du ^, .du 

where Q{u) is a 2n x 2n matrix, given by Q{u) = [J{u) + Jst]~^[J{u) — Jgt]- Since 
J — J St on the range of /, for maps u sufficiently close to /, we have J{u) ~ Jgt, so 
this equation determines the J-holomorphy of u for such maps. 

We will think of $ to be a map from C'^'^{U) to C^'~^'^{U) . Its derivative is given 
by: 



dz J dz 

(3) = L^h + R^h. 

Observe that A and Q are 2n x 2n matrices with entries in C^~^'^{U) and C^'^{U) 
respectively. Since we can easily show that the assignments u ^ {h ^ A{u)h) and 
u ^ {h ^ Q{u)hz) are continuous from C^'^{U) into the Banach space of operators 
BL {C^'%U, R2"),C*^-1'^(C7, R2")), it follows that $ is C\ 

We claim the following : There is an open W D Q such that $'(/) is surjective 
fromC^^^iW) to C^-^^^(W). 

To prove the claim, observe that Q{f) G C^'^, therefore, a fortiori Q{f ) is in . We 
can choose W ^ VL so small that small. Since the boundary dVL of 

the set VL is by hypothesis, we can also choose the W such that the norm 
is dominated by the norm. Therefore, we can find a W such that 

ll<5(/)llcfc-M(W) < ^ 
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where Cq is the constant in Lemma \2.2\ above. Therefore we have for h in C'''^{W): 



l-R/^llc'=-i.«(Ty) 



Cfe-i,e(H/) 

dh 



dz 



< \mf)\y-^^o^w) 

^ \\Qif)\\c>=-^'f>{W) ll^llc^.fffy) 
1 



< 



2C K " ' 



so that ll-R/illop < 2CqK - Therefore, is a small perturbation of a surjective 

linear map, and standard methods based on iteration shows that it is surjective as 
a map from C^'^{W) to C^{W), and the equation ^'{f)h = g can be solved with 

Since $'(/) is surjective, and $ is C^, we see that there is a small ball around / 
which is mapped surjectively by $ onto a ball around $(/). Therefore, given e > 
there is a 5 > such that such that if g in C^~^'^(W) is such that ||fi'||cfc-i,9(vi7) < 
then we can solve the equation 



<l>(/ + r) = $(/) + (7 

for an r G C'''^(W) such that H^'llcfc.fCH/) < ^• 

Now we fix e = Co ( where eo is as in the beginning of this proof) and denote by 
So the corresponding d. Let C be a uniform bound for linear extension operators 
from C^~^'^{V) to C^~^'^{(C) for any open subset V of (C (see Lemma l2.1|) and let 
6i = ^. Since by hypothesis / G C^'^, it follows that $(/) G C^. We now use the 
hypothesis that (3 > 9. Since $ vanishes on fi, in a small enough neighborhood of 
fi, we have that ||$(/)|| is small in the C^-'^fi sense. Let VL^^ be a neighborhood of 
VL such that we have ||^(/)|lcfc-i.e(Q^^) < 5i. Denote by g the map — Using 
a linear extension operator, we extend to a function g in C^^^'^iW), such that 
ll^llc'=-i.«(W) — ^'^i ~ ^0- Therefore, the equation $(/ + r) = $(/) +g can be solved 
with for an r such that H'^llcfc.fCfy) < eo- Now, if we set -u = / + r, we have that on 
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Qeo "we have ^{u) = —g + g = 0, i.e. u is J-holomorphic. Of course, we have 

< Ikllcfe.^cW) 

< eo- 

□ 

2.1. The general case. Now let {X,J) be an almost complex manifold, with J 
of class C"'^, with k > I. Let f E A''/^'\n,X). To prove Theorem ^ we need to 
approximate / in the C^'^ topology on Q by J-holomorphic maps. 

We begin by making two observations. First, that it is no loss of generality to 
assume that / is an embedding. This is because we can replace X hj (C x X and 
replace / by the map F : z \—>- {z, f{z)), and obtain an approximation to F, which 
we can subsequently project onto X. We will therefore assume to begin with that 
/ is an embedding. 

The next observation is that we can extend / as a C'^^^'^ map to all of C Therefore 
we will assume that / is defined and is an embedding on some large set U containing 
the set Q compactly, and / is J— holomorphic on Q. 

Let n denote the complex dimension of the a.c. manifold X. It is easy to find 
{n — 1) smooth vector fields Y2, Y^, . . ., Yn on the embedded disc f{U) such that for 
any point z the C— span of the vectors ^{z),Y2{f{z)), . . . ,Yn{f{z)) in the space 
Tf(^z)X with respect to the complex structure induced by J{f{z)) is the whole of 
Tf(^z)X. Now consider the map from U x C"~^ C C" into X given by 

(4) {zi, . . . , z„) ^ e^^^n^^^^Y,U(z,))Ui.zi)). 

There is a neighborhood oi U x C"~^ in C" which is mapped by the map in 
equation (j3)) diffeomorphically onto a neighborhood U oi f {U) m. X . Therefore the 
inverse (p of the map in equation (jH) is a system of coordinates on U. We note some 
properties of this coordinate map: 

• 99 is of class C'^^^'^ . Consequently, the smoothness of J is preserved, i.e., the 
induced structure J" on R^" is still C*^'^. 

• The map / is represented in these coordinates by 

(5) c^(C,o^_^)gC^ 

n-1 
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• On the set Q x {0" ■*■} we have that J" = Jst, the standard almost complex 
structure of C". 

The problem is therefore reduced to that considered in the first section, and the 
approximation asserted in the theorem can be done. 

3. Arcs in Complex Manifolds 

We will denote by a complex manifold of complex dimension n on which we 
impose a Riemannian metric g. The actual choice of the metric does not affect any 
of our results. 

An arc is an injective continuous map from the interval [0, 1]. We say that a 
arc a is embedded if a'{t) ^ for each t. For convenience of exposition we introduce 
the following terminology: 

Definition 3.1. Let a be an arc in Ai. Let be a holomorphic submersion from a 
neighborhood of a{[0, 1]) in Ai into C We will say that is a good submersion for 
the arc a if o a is a embedded arc in C 

Clearly, a smooth (at least C^) arc which admits a good submersion is embedded. 
Observe however that the definition does not require the arc to be smooth. Indeed, 
the existence of good submersions will serve as a convenient substitute for being 
embedded when we consider non-smooth arcs. 

First we generalize Royden's result on the existence of co-ordinate neighborhoods 
of real analytic arcs to smooth arcs. The proof of this result is based on a quantitative 
approximation of arcs by real analytic arcs (see Lemma [3.51 below. ) 

Our first result is as follows: 

Proposition 3.2. Let k > 2 and let a be an embedded arc in Ai. Then there 
is a family of n good submersions associated with a, such that they form a 

coordinate system in a neighborhood of the image of a. 

In particular, smooth arcs of class at least have coordinate neighborhoods. 
Also, a arc is embedded iff it has a good submersion. 

We next consider arcs in At. Unfortunately, in this case, the approximation 
lemma Eini is not strong enough to prove the existence of coordinate neighborhoods. 
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if we simply assume that a is embedded. However, we can prove the following: 

Proposition 3.3. Lei a be a arc in Ai which admits a good submersion (f). 
There is a coordinate neighborhood W o/q;([0, 1]) in M. and a biholomorphic map 
(01, ... , 0n) from W onto on open subset of C" such that 0„ = (t>\w- 

In other words, given a good submersion in a neighborhood of the image of an 
arc in A^, we can find n—1 other functions such that the n functions together form 
a system of coordinates in a neighborhood of a. Observe that, for j = 1, . . . , n — 1, 
after replacing the function (f)j by the function (pj + Kcj), for large enough we 
may assume that each of the coordinate functions 0^ is a good submersion, thus 
strengthening the conclusion. 

We now turn to non-smooth arcs. In view of the intended application in the next 
section we introduce the following definition: 

Definition 3.4. Let k>l. Suppose a : [0, 1] — > is an arc such that 

• q; is C*^ outside a finite subset P C [0, 1], and 

• a admits a good submersion 0. 

We will refer to such arcs a as arcs with mild singularities or mildly singular 
arcs 

Our result concerning mildly singular arcs is as follows: 

Theorem 2. Let a be a arc in Ai with mild singularities, and let (p be the 
associated good submersion. Then the image a{[0, 1]) has a coordinate neighborhood 
W and a coordinate map (0i, • • • , 0„) : W — > C", with — 4)\w- 

3.1. Approximation of smooth functions by real-analytic functions. The 

following approximation lemma is required in the proof of the fact that smooth arcs 
have coordinate neighborhoods. 

Lemma 3.5. Let T denote either the image of the unit interval [0, 1] or of the unit 
circle under a embedding into C, where k > 1. Let f be aC^ function defined 
on V, and 6 be such that < 6 < 1. Then there is a constant C > and a 
extension of f to a neighborhood of T such that for small enough 5 > there is a 
holomorphic map fs defined in the closed S neighborhood Bc{T,S) ofV such that 
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if a and (3 he nonnegative integers such that a + (3 < k, then for z e 
S(c(r, 6) we have 



dz^d^ 



ifiz) - fs{z)) 



Further, 

• fs is bounded independently of 6 in the C^"^^^ norm, or more precisely, we 
have \\f6\\ct^-i,B^B^)) < 

Proof. We will denote by C any constant which is independent of 5. 

For small 5 > 0, let xs be a cutoff on C such that X5 = 1 in a neighborhood 
of -Bc(r, 5) and vanishes off the 2(5-neighborhood i?c(r5 25). We may choose the xs 
that there is a constant C (which of course depends on A;) such that for small 5 and 
every pair of non-negative integers a and (3 such that a + /3 < /c we have: 



dz^d^ 



< 



C 



Since F is totally real, using the Whitney Extension Theorem, we can extend / 
as a function on C such that the (9-dcrivativc ^ vanishes to order k — \ on F. 

dz 

Continuing to denote the extended function by / and denoting by ri{z) the distance 
from 2; e C to the set F, we see that 



^a+/3 \ fdf 



< Cri{z)''-'-^''+'^\ 



Now we define (suppressing the dependence on 5 in the notation): 

Observe that X{a,i3) is supported in B(c(F,25) for every S and we have |A(a,/3)| 
Let the function us on C be defined by: 



us{z) := — * A(o,o)(^) = — * (xs{z) 

TTZ ^ ' ' V 



dl 
dz 
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+ 

Bc(r,25)n{C: |C-2|<v^} J ^ Bc(r,25)nc: {|c-^|>v^} 



Then fg = f + us is clearly holomorphic on -Bc(r, 6), and we have 

1 

TT 

= --(/1+/2). 

TV 

We can now estimate: 

|/i| < ^||V,/3)ILoo / / ^TT^A^v 

TC 



and 



< 



^ ■/ ■iBc{r,25)n{(:\(-z\>V5}\z-^ 




< i . . _]_ . Area (5^(1, 26)) 

which proves the first conclusion of the lemma. Moreover, it immediately follows 
that for fs = f + uswe have that H/^Ucfe-i < C for some C independent of 6. To 
complete the proof, it is sufficient to recall the well known fact that for functions v 
on C supported in a fixed compact set E, the assignment v ^ * v is continuous 
fromC(E) to C°'^(£;). □ 

3.2. embedded arcs, k > 2. This section is devoted to the proof of Proposi- 
tion 12121 We will need the following two lemmas: 

Lemma 3.6. For convenience, let B = Bj^n(0, 1), the N- dimensional unit ball. Let 
$ : S — s> be a map such that for some constant C > 0, 
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• for each tangent vector \, we have ||$'(0)v|| > C ||v||, and 

• for each x E B, we have — $'(0)||^ 

Then, ^B)dB^n ($(0),f). 



< ^ 

I op ^ 2 



Proof. After a translation and dilation, we can assume that $(0) 
Fix X e B and let u{t) = $(tx). We have: 



and C 



\^{x) 



u'{t)dt 



(^'{tx)xdt 



f $'(0)xrft+ [ {<l>'{tx) -<^'{0))dt 
Jo 



> ||$'(0)x| 



- <^'{0))xdt 



> 2 ||x|| — ||x|| > ||x|| . 

Let Tj = Br\^{B). Then S is nonempty (0 G S) and closed in the relative topology of 
B. Now as $ is expanding, Br\^{B) = Br\^{B). Since $ is a local diffeomorphism, 
it follows from this that S is open in B as well, which implies by connectedness that 
= B, that is, B C which is the required conclusion. □ 

Lemma 3.7. Let S be a sufficiently smooth compact totally real suhmanifold of M.. 
Then, there is an r] > such that the rj neighborhood Bj^{S. rj) of S is a Stein open 
subset of M. and any continuous function on S can be uniformly approximated by 
the restrictions to S of functions holomorphic on this rj neighborhood. 

"Sufficiently smooth" in this context means , where s is an integer which is at 
least 2 and greater than jdim^S + 1. 

In the case when S is this result is due to Nirenberg and Wells (see jH], 
Theorem 6.1 and Corollary 6.2.) Since the submanifold S is of class at least C^, 
the square of the distance to S is strictly plurisubharmonic in a neighborhood, from 
which it follows that Bj^{S,rf) is Stein. After embedding it in some and using 
a retraction onto the embedded submanifold, this reduces to Theorem 17.1. (It 
is known that the smoothness assumed in this result is not the best possible.) In 
our application, we will only be require the case in which S is diffeomorphic to the 
circle. 
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Now we turn to the proof of Proposition \'A.2l We will in fact prove the following 
proposition: 

Proposition 3.8. Let k > 2 and let a : ^ Ai be a embedding of the circle . 
Then the image a{S^) has a coordinate neighborhood W in M. such that there is a 
coordinate map . . . , 0„) : W C" with each o a a embedding of into 
C. 

Indeed, any embedding of the interval can be extended to an embedding of the 
circle, so Proposition IH.8I immediately implies Proposition 

Proof. It is sufficient to consider the case of A; = 2. Denote by the 5 neighborhood 
B<cn{S^ X 0(C"-i) of the circle x 0(C"-i in C". For small 5 > we will construct 
a biholomorphic map $5 from onto an open subset of M. such that the image of 
$5 will contain the embedded circle a{S^). Consequently is a coordinate map 
in a neighborhood of a{S^). 

For ?7 > 0, let = B_\4{a{S^), rf). Also, for a vector field on a manifold and a 
point p on the manifold let expy p be the point to which p fiows in unit time along 
the field V, that is where X(0) = p and X'{t) = V{X{t)). The map exp^p 

depends holomorphically on the vector field V and the point p. 

We define a map from As C C" to A"^ C by setting: 

^s{zi, ...,Zn)= exp^^n^^^^f^ as{zi), 

where the number i] > 0, the vector fields {/,}"=2 the open submanifold A"^, 
and the map as : B(c{S^, 5) Af^ dbTQ clS follows: 

(1) The holomorphic vector fields {/j}j=25 such that for each z E G G, the 
set of vectors {a'{z), f2{a{z)), . . . , fn{(y{z))} spans the tangent space Ta{z)J^ over 
C. 

To see that such fj exist, we note that is diffeomorphic to an open solid 
torus in C", and is Stein for small r]. Therefore by an application of the Oka 
principle, the tangent bundle TA"^ is trivial. Also, thanks to Lemma 13.71 any 
continuous function on the one dimensional totally real submanifold a{S^) may 
be approximated by holomorphic functions in some neighborhood. Therefore, the 
existence of the fj follows on approximating smooth vector fields {gj}j=2 C({S^) 
such that the set {a' {z) , g2{a{z)) , . . . , gn{a{z))} spans Ta(z)-M., and shrinking rj to 
ensure the holomorphic approximants fj are defined on A*^. 
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(2) Now we specify the map as- This will be a holomorphic map defined on 
Bij^{S^, 6) and taking values in X^j C Ai such that for some < ^ < 1: 

• on we have dist(a5,Q;) < C6^, as well asdist(Va5, Va) < C6^. 

• there is a constant C (independent of 6 ) such that and on B(c{S^, 6) we have 
lla^llci.f < C*. 

To construct as we note that since is Stein, there is an embedding j : ^ 
for large M, and there is a holomorphic retraction of a neighborhood of i(Af^) onto 
A'^.Fix 9, where < 6' < 1. Since a is of class C^, we can use Lemma 13.51 above 
to find a holomorphic approximation as defined in a 5 neighborhood of the circle 
B^{S^,6) of S'^ in C, and taking values in X^ such that the two conditions above 
are satisfied. 

For small 6, the set {a'^{z) j2{,Ois{z)) , . . . , fn{as{z))} spans Tas{z)M for z G Bc{S^ , 5). 
Moreover, for small 5, the map as is an embedding. Therefore, for small enough 
5 the map $5 is well defined and is a biholomorphism from As into Xr,. Since the 
Qi,e Yioxm. of as on B^i^S^^d) is bounded independently of 5, we conclude that $5 
must be bounded in the C^'^ norm on As. Recall that the tangent bundle of TXrj 
is holomorphically trivial, and fix a trivialization. Then $^ : — Mat„xn(C) is a 
map. Therefore for a constant Ci independent of 5 and any Z and W in As we 
have - $',(Z)||op < - Zf. 

In particular, if Z lies on the circle x 0(C"-i , and W is in the ball B^^ {Z, 6) C As, 
then we will have 

(6) WsiW) - ^'s{Z)\\^p < C^5' . 

We claim that there is a constant C2 independent of 6 such that if 5 > is small, 
for every Z ^ As and every tangent vector v we have 

(7) \\<i>'siZ)v\\>C2\\v\\. 

To see this, let a be an extension of a to a neighborhood of in C such that we 
have II Va — Va^H = 0{6^) (see the first conclusion of Lemma 13.51 The map a is 
and da vanishes along F). We define a map $ by setting: 

$(2:1, ...,Zn)= exp^n^^^^.^^. a{zi). 

Then $ is a diffeomorphism from a neighborhood A of x 0(gn-i in C" into Ai, 

■ 0{S^). Clearly, there is a constant C > such that for 



and satisfies 



$'5 - $' 
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any Z & A and tangent vector v we have 



> C II 17 11. The existence of the 



constant C2 of estimate [3 now follows immediately. 

Ay an application of Lemma 13.61 above to the inequalities it follows that there 
is a 5o > , and a constant K independent of 6 such that for 6 < Sq, and Z e 
S'^ X Oc"-i we have ^siBcr^{Z, 5)) D BMi^siZ), KS). Since for a point of the 
form Z = {z,0, . . .) G X Oc;"-i, we have ^s{Z) = as{z), we see that ^si^s) ^ 
Bm{<^s{S^), K6). On the other hand, for z G S^, 



3 , 



s) 



dist^^ {a{z),^s{z, 0, . . . , 0)) < dist^^ ("(-z), ctsiz)) = 0{52 

Therefore for small 6 we have, a{S^) C $5(^5), which shows that : 
C" is a coordinate map (biholomorphism onto an open subset of C") defined in the 
neighborhood $5(^5) of a{S^) in M. 

Note that as 5 — 0, the maps o as ^ j on 5*^ in the sense, where j 
denotes the embedding of in C" as x 0"^^ Since as ^ a in , it follows 
that for small 5, the first coordinate of o a is an embedding of [0, 1] into C 
Writing in coordinates as {(pi, . . . , (/)„), therefore, 0i o ct is an embedded arc in 
C (which is obviously of class C^. We now consider the coordinate system {(pi, (p2 + 
K(pi, . . . ,(pn + K(pi) in which for j > 1, (pj is replaced by (pj + K(pi. For large K, 
every coordinate of this map is a embedding when restricted on a. □ 

3.3. Coordinate neighborhoods of arcs. We now prove Proposition ESI The 
first step is to show that the image q;([0, 1]) has a Stein neighborhood. We begin 
with the following elementary observations : 

Observation 3.9. Let 7 : [0, 1] ^ he an arc. Then 7([0, 1]) has a neighborhood 
W such that there is a strictly plurisubharmonic function p defined on W . 

Note that no regularity assumption apart from injectivity has been made on 7. 

Proof. There is of course a strictly plurisubharmonic function in a neighborhood of 
7(0). Suppose that for some < j9 < g < 1 the segment 7([p, g]) is in a coordinate 
chart of Ai, and p is a strictly plurisubharmonic function in a neighborhood of 
7([0,p]). By an induction on a cover of 7([0, 1]) by coordinate charts, it is sufficient 
to construct a strictly plurisubharmonic function in a neighborhood of 7([0,g]). 
After subtracting a constant, p{'j{p)) = 0, and there is a coordinate map Z on a 
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neighborhood of 7([p, q]) so that Z{p) = G C". Fix an r with p < r < q so that p 
is defined on \p,r]. Now we can define the function p as follows: 

{p near 7([0, p]) 

max (p, K ||Z||^ — l) near 7([j9, r]) with iiT large (see below) 
K \\Z\\'^ — 1 near7([r, g]) 

We take K in the above expression so large that K ||Z(7(r))||^ — 1 > p{'y{r)). Then p 
is p near j{p) and X ||Z||^ — 1 near the other endpoint 7(r) of 7([p, r]) and continues 
to the next chart. □ 

The following is a well known general fact regarding polynomially convex sets: 

Observation 3.10. Let X be a compact polynomially convex subset ofC^, an X> 
be a continuous function on C"^ such that A = exactly on X. Then, given any 
neighborhood W of X, there is a continuous plurisubharmonic function p > such 
that p — exactly on X, and on W , we have p < \. 

Proof. For each p e C" \ X there exists a continuous plurisubharmonic function 
Pp > defined on C" such that Pp{p) > 0, and p vanishes in a neighborhood of 
X. There exists a sequence Xj in \ X such that for all 2; e C" \ X there exists 
an integer j such that Pxj{z) > 0. e set p = 'Yli^jPxji with Cj > small enough to 
ensure that ejp^j < 2''^X on 1^ U Bcn(0,j). □ 

We will now prove the following lemma: 

Lemma 3.11. Let 7 : [0, 1] — > Al be a embedded arc in a complex manifold Ai. 
Then there is a 5 > Q with the following properties: 

(a) Let < tQ < ti < 1 be such that \to — ti\ < S, and let Wq and Wi be given 
neighborhoods of ^{to) and 7(^1) in Ai, Then there is a plurisubharmonic function 
p> defined in a neighborhood ofj{[tQ, ti]) in Ai such that ^"""^(0) = VoU^{[to, ti])L) 
V\, where Vj C Wj are compact neighborhoods of '~f{tj) (for j = 0,1). 

(b) Let ti be such that < ti < 5 (resp. {)<1 — ti<5), and Wi be a neighborhood 
of 7(^1) in M.. Then there is a plurisubharmonic function p > defined in a 
neighborhood of j{[0,ti]) (resp. j{[ti,l])) such that p"^(0) = Vi U7([0,ti]) (resp. 
p-\0) = ji[t^,l])UV^. ) 
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Proof. Using compactness and local coordinates, it is clear that is suffices to prove 
the result for Ad = C". We only prove statement (a) above, since the proof of (b) 
involves only minor changes. 

Let to £ [0, 1]. After a linear change of coordinates, we can assume that for each 
j = 1, . . . ,n, the components of the tangent vector 7j(to) are non-zero. We let St^ 
so small that on [to — StQ,to + Sto] the component functions 7j are embeddings 
into C. 

Now suppose we are given neighborhoods Wq and Wi of 7(^0) and 7(^1) in A^. 
Choose r > so small that for j = l,...,n the closed discs Bc{'yj(to),r) and 
B<c{lj{h),r) are contained in the sets HjiWo) and TTjiWi) respectively, where ttj : 
C" — > C is the j-th coordinate function. For small r, the subset of C 

Kj = Sc(7j(to),r) U 7,-([to, h]) U Bchjih),r) 

is polynomially convex, and therefore there is a plurisubharmonic pj > on C 
which vanishes exactly on Kj. Let p := YTj=iPj ° ^i- Then clearly /O~^(0) is the 
union of the subarc 7([to,ti]) with two closed polydiscs of polyradius r centered 
at the endpoints 7(^0) and 7(^1), which are contained in Wq and Wi respectively. 
Choosing 5 uniformly for all to by compactness, conclusion (a) follows. □ 

We can now prove Proposition 13.31 

It is clear that a is an embedded arc. We consider two partitions of the interval 
[0,1] 

< ti < ■ ■ ■ < t^^i < 1, 

and 

< t; < ■ ■ ■ < 4_i < 1, 

such that for each j we have tj 7^ t'y We set 1^ = 1'^ = ^ and = t'^ = 1- We 
will choose the partitions in such a way that \tj — tj^i\ < 6 and \t'j — tj+ij < 5 for 
j = 0, 1, . . . , — 1, where b is as in the conclusion of Lemma (3.111 above. Suppose 
that for J = 1, . . . , — 1, the open neighborhoods Wj and of ^itj) and 7(^^4.1) 
are such that Wj n M^j = 0. 

We now apply lemma 13.111 For j = 1 , . . . , A^ — 1 , let pj be a nonnegative 
plurisubharmonic function in a neighborhood of a([tj,tj+i]) which vanishes exactly 
on tj+i]) U V^- U V,+i, where Vj C Wj and V,+i C W^j+i contain the points a{tj) 
and a(tj+i) respectively. Let po and pfq be non-negative and plurisubharmonic on 
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neighborhoods of a([0, ti]) and a{[tiy, 1]) respectively such that Po ""^(O) = a([0, ti]) U 
Vi and p]^^{0) = Q;([tAr_i, 1]) U Vn-i, where a{ti) E Vi C Wi and a{tN-i) G 
Vn-1 C Wn-1- There is a function p > in a neighborhood of a([0,l]) which 
to be equal to pj in a neighborhood of a{[tj,tj^i]). Since p is locally the max 
of plurisubharmonic functions, it is itself plurisubharmonic and vanishes exactly 
on the arc Q!([0, 1]) and on small neighborhoods of a{tj) contained in Wj{ where 
j = l,...,7V-l.) 

The same way we obtain a plurisubharmonic p' > which vanishes exactly on 
the arc q;([0, 1]) and small neighborhoods of a{t'j) contained in Wj{ where j — 
1, . . . ,N — 1.) Then p = p + p' is a plurisubharmonic function in a neighborhood 
of q;([0, 1]) which vanishes exactly on q;([0, 1]). Let e > be small, and be a 
strictly plurisubharmonic function in a neighborhood of a{[0, 1]). Then the open set 
fl — {p < e} supports the strictly plurisubharmonic exhaustion function {e—p)~^+'ip, 
and is consequently Stein. If e is small, the submersion (f) is defined on fi. There is 
an embedding j : Q "-^ for large enough N. Let j : Q ^ C^^^ be the map 
j(z) := {j (z) , (j)[z)) , where is the good submersion associated with the arc a, 
whose existence is assumed in the hypothesis. Then j is again an embedding. Let 
X :=j{n). Then, 

• A' is a complex submanifold of C-'^^^ ^ (C^ x C 

• Z]\f^i : A" ^ C is submersion. 

• Let a — j o a. Then a is a embedded arc in A" C C^"^^, such that the last 
coordinate a^+i '■ [0, 1] — > C is a embedding, and 

• (^o a : [0, 1] ^ C is a embedding. Set T = 0(q;([O, 1])) and let : T ^ [0, 1] be 
the inverse ip — {(f) o a)~^ . We let 

P(z) - {(3{z),z) 

:= {j oao^{z),z) 

To prove our result, it is sufficient to show that f3{T) has a neighborhood in A' 
such that W is biholomorphic to an open subset of and there is a biholomorphism 
w = {wi, . . . , Wn) from W into C" such that Wn = zn+i\x (where {zi, . . . , zn) are 
the coordinates of C^^^ in which X is embedded). 

We will construct the map w by first defining it on a neighborhood of I3{T) in 
C'^"'"^ and its restriction to X will provide us with the required biholomorphic map. 
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To do this let {gi}^^i be smooth maps from T into C such that for each z G T 
they, along with P'{z) span the tangent space Tf3(^z)Ui^)) <^ ■ C^"*""*^ valued 

maps are formed from gi by taking the last coordinate to be 0, then the fi{z) 

along with the vector (3'{z) = {P'{z), 1) span the tangent space T^^^^^{X). 

Let v4 be a Mat^xAflC) valued smooth map on F such that A{z)gi{z) = Cj for each 
i = 1, . . . ,n — 1. We can approximate A uniformly on F by a holomorphic matrix 
valued map B defined in a neighborhood of F in C Now we consider the map A 



A{zi, . . . , zat+i) 





( ^1 ^ 


\ 


BizN+i) 






\ 




J 



which is defined in a neighborhood of the arc /?(F) in C^^^ 
by the matrix 

/ / ^1 \ 

B{zn+i), B'{zn+i\ 



Its derivative is given 



A'{z,, 



\ J 



\ 0' 



1 



By construction, this is surjective from T^^^-^X C to C" at each point of 

/9(F), if the approximation B is close enough. Moreover, it is clearly continuous. 
Therefore, A maps a neighborhood of the arc in to C" biholomorphically, and 
its last coordinate is zjy^i. This completes the proof. □ 

3.4. Mildly Singular Arcs, Step I: Stein neighborhoods. The remaining part 
of this section is devoted to a proof of Theorem |21 The proof is in several steps. 
In this step we establish the existence of certain Stein neighborhoods Qs of the 
arc a;([0,l]). This allows us to solve d equations in these neighborhoods. In the 
next step ( subsection 13. 5j] we establish a result regarding the gluing together of 
immersions defined in neighborhoods of compact sets Ki and K2 in a manifold to a 
single immersion defined in a neighborhood of their union. We use these two results 
in subsection 13.61 to obtain a proof of Theorem |21 
The main result of this section is the following: 

Lemma 3.12. Let a : [0,1] ^ M. be a arc with mild singularities. Let P C [0, 1] 
he the set of points where a is not smooth and let cf) he the good suhmersion associated 



20 



DEBRAJ CHAKRABARTI 



with a. Let U be a fixed neighborhood of a{P) in M.. For 5 > sufficiently small 
there is a neighborhood Vt^ o/a([0, 1]) in M. such that 

• Vis is Stein, 

• Vts contains the 5 -neighborhood of the arc a:([0, 1]), and 

• away from the nonsmooth points ct{P) of a, the set Qs coincides with the 5 
neighborhood of the arc. More precisely, Qs U Bm (a;([0, 1]), S) . 

We will assume (without any loss of generality) that the points and 1 are in P. 
We will need to use the following lemma which gives a simple condition for the union 
of two polynomially convex sets to be polynomially convex. A proof may be found 
in ( JH]; P- 386, Lemma 29.21(a)). X denotes the polynomial hull of a compact set 
X C C^. 

Lemma 3.13. Let Xi and X2 be compact polynomially convex sets in C" and let p 
be a polynomial such that p{Xi)np{X2) C {0}. If p^^{0)n{Xi U X2) is polynomially 
convex, then Xi U X2 is again polynomially convex. 

We will also require the following 

Observation 3.14. Let 7 : [0, 1] be an arc, and let < s < t < 1. Suppose 

that in a neighborhood of 7([0,f]) is defined a strictly plurisubharmonic function 
ly > which vanishes precisely on the arc 7, and on a neighborhood of 7([s,l]) 
is defined a continuous plurisubharmonic /i > which also vanishes precisely on 
7. Further suppose that where both and u are defined, fi < u. Then there is a 
continuous plurisubharmonic A in a neighborhood of 7([0, 1]) such that A coincides 
with fj, near 7([0, s]), with u near j{[t, 1]), and is bounded above by u near 7([s, t]). 

Proof. Let -0 < be a function of small norm such that 

• u + ifj is still plurisubharmonic. 

• "0 is except in a small neighborhood of 7(t), where it is negative. 
We set 

{h' near 7([l,s]) 

ma.x{fi,iy + ip) near 7([s,t]) 
fi near 7([t, 1]) 

This will be plurisubharmonic provided the definition makes sense. Now near 7(5), 
we have X = u since fi < ly, so that A is continuous in a neighborhood of 7([l,t]). 
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Near 7(t), we have ly + < 0, consequently A = /i there, and therefore A defines a 
continuous function in a neighborhood of a{[0, 1]). □ 

Now we prove Proposition IH. 121 Let p E P. In a neighborhood of g = a{p) we can 
find a system of coordinates {zi, - ■ ■ , Zn) such that the last coordinate Zn is equal to 
0. Now consider a polydisc W of the type: 

W = {{zi, ...,Zn): \zj\ < Rhi j = l,...,n-l; \zn\ < r} 

where r and R are so chosen that 

• r is much smaller than R, 

• W Vq, where is a polydisc centered at q such that Vq (s U. 

• the arc a enters and exits W exactly once transversally through the part of 
the boundary dW given by 

{{zi, ...,Zn): \zj\ < Rhi j = 1, . . . ,n- 1; \zn\ = r}. 

That such r and R exist follows easily from the fact that (p o a = Zn o a is 
smooth. 

Consider the compact set K := W U [a{[0, 1]) fl V^). This is the union of the 
polydisc W with two "whiskers" (the two components of a([0, 1]) fl {Vq \ W)).The 
projection of K on the last coordinate is of the form B{0, r)[J(p{a{I)) for a subinterval 
of / of [0, 1]. By the choice of r and R above, this set is the disc B{0, r) attached 
with two arcs, each at exactly one point. Two applications of Lemma 13.131 (with 
p = Zn) shows that K is polynomially convex. Applying Observation 13.101 to 
the polynomially convex K and the continuous function dist(.,i^')^ we obtain a 
continuous plurisubharmonic function > in a neighborhood of a(-P) such that 
^{z) < distx(2;, a([0, 1])^. Moreover, /i = exactly on a disjoint union of "Soup 
can with whiskers" -type of neighborhoods of the points of a{P). We take u to 
be the square of the distance to a([0, 1]). Then, applying Observation 13.141 to 
the plurisubharmonic fi and strictly plurisubharmonic u ( twice for each point of 
<y{P)) we can obtain a plurisubharmonic A such that A vanishes on the arc, and 
away from a{P) X = v the square of the distance. We now define VL5 = {Q & 
M.: X{Q) < 5^}. It is easily verified that VLs has the two geometric properties 
required, i.e. it contains the 5-neighborhood of a([0, 1]) and is actually the 5- 
neighborhood away from a{P). To see that it is Stein, we note that for small 5, the 
set VL^ has the strictly plurisubharmonic exhaustion (5^— A)~^+p, where p is a strictly 
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plurisubharmonic function in a neighborhood of a([0,l]). (See Observation 
above.) 

3.5. Mildly Singular Arcs, Step 2: Gluing of Immersions. We now prove the 
induction step which we will use to glue locally defined coordinate maps to obtain 
a coordinate map in a neighborhood of a mildly singular arc. 

Let Ki and K2 be given compact subsets of Ai. Suppose we are given immersions 
$ and from neighborhoods of Ki and K2 respectively into <C^. The main question 
considered in this step is whether there is an immersion from a neighborhood of the 
union K = KiU K2 into C". In the application, Ki U K2 will be a mildly singular 
arc without any singular points in KiCl K2. 

3.5.1. Hypotheses on the sets Ki, K2 and the maps $ and \E'. Of course to conclude 
that the immersions can be glued we need to add additional hypotheses. These 
hypotheses should correspond to the intended application. The ones that we will 
use are the following: 

1. Intersection is a smooth arc The basic hypothesis is that the intersection 
Ki n K2 should be a smooth arc. More precisely,there is a arc a : [0, 1] ^ 
such that Ki fl K2 is its image. 

2. Already glued in one coordinate ("Special") We will assume that the 
two immersions have already been glued in one coordinate. More precisely, suppose 
that $ and ^ are the immersions from neighborhoods of Ki and K2 into C", then 
we will assume that the last coordinates $„ and are equal in a neighborhood of 
the arc Ki fl K2. 

We will denote by the map from a neighborhood of K into C which is equal to 
$„ near Ki and \1'„ near K2. In order to simplify the writing, we will say that a 
map whose last coordinate is cj) is special. Therefore, the hypothesis is that there $ 
and ^ are special. We will insist that while modifying $ and ^ so that they become 
glued, the last coordinate is always 0, i.e. they are special. 

3. Good submersion We will assume that the map of the last paragraph is 
a good submersion associated with the arc a. Further, the sets 0(i^2 \ Ki) and 
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(p{Ki \ K2) are disjoint. 

4. Ghost of (j3.12|) This hypothesis wiU be required in the last step of the proof. 
We assume that for small 5 > 0, and for a given relatively compact neighborhood 
lA of {Ki \ K2) U {K2 \ -ft'i), there is a Stein open neighborhood VL^ of K which has 
the following properties. 

• VL^ contains the (5-neighborhood of K. 

• Near the arc Ki Pi K21 the set Vt^ is in fact the 5 neighborhood. More 
precisely Vts dUU Bm {Ki n K2,S). Consequently, there is a fixed compact 
H independent of 6 such that each Qs C H. 

With these hypotheses we state the following proposition, whose proof will be given 
in SXHand fTOl below. 

Proposition 3.15. There is a special immersion H from a neighborhood of K into 
C". 

3.5.2. Step 1 of proof of Prop. : Approximate gluing of special immersions. 

We fix the map $ and for each small 5 > modify the special immersion ^ to a 
new special immersion '^s such that near the arc Ki fl K2 the difference — $ is 
small. Once this "approximate solution" is obtained, in ^3.5.41 we solve a standard 
Cousin problem to modify both $ and '^s so that they now match on the intersection, 
and the result is an immersion. 

We state the goal of this section as a proposition. 

Proposition 3.16. After possibly shrinking the sets Ki and K2 (in a way so that 
their union Ki U K2 is always K ), we can find a constant C > such that for each 
(5 > small a there is a special immersion ^ into C" defined in a neighborhood of 
K2 which contains the 5 neighborhood of KiCi K2, such that ||(^5)^^|lop < and on 
BM{KinK2,6) we have ||$ - = 0{5^). 

For convenience, we divide the proof into a number of steps. 
Step 1. In this step we shrink Ki and K2 and modify "if to ^ in such a way that 
the derivatives of the immersions $ and \E' match at one point. This leads to a new 
transition function x with nicer properties. 

By hypothesis (3) of ^3.5.11 above, o a is a smooth embedded arc in C (where 
is the common last coordinate of $ and It follows that there is a neighborhood 
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W of Ki n K2 = a([0,l]) on which both \1/ and $ are injective, and therefore 
biholomorphisms onto the image of W. 

After translating in C", we can assume that = and = 0. The 

transition map x '■= ^ ° from the open set "^{W) C C" onto ^{W) C C" is 
biholomorphic. Since each of $ and \1/ is special (that is, each has last coordinate 
equal to 0) it follows that x has the form xi^^w) = {^{Z,w),w) with w G C, and 
Z, i{Z, w) E C"-^ Moreover, OeWn xiW), in fact x(0) = 0. 

Set A = x'(0) G Mat„xn(C). Define ^ := Ao^ii. Then 'I' is again a special 
immersion from a neighborhood of K2 into C", and its restriction to is a bi- 
holomorphic map onto the image. We can also define a new transition function 
X := $ o ^P^^ = ^ o y4~^, which is a biholomorphism from \E'(iy) C C" onto 
C C". This new x has the same form as that is 

(8) x{Z,w) = {aZ,w),w) 

where w E <C, and both of Z and ^{Z,w) are in The additional feature (not 

present before) is that x'(0) = I. 
The derivative of x is given by 




where subscripts denote differentiation, with ^ G'L„_i(C) and a vector of 
n — 1 components. 

Since, x'(0) = I, we can shrink the compact sets Ki and K2 (while not changing 
their union K), and the neighborhood W of Kir\K2, so that ^ I on \E'(iy), in the 
sense that there is a holomorphic v : ^{W) — > Mat„_ixn-i(C) such that on \&(VF), 
we have that 

(9) = exp oti. 

Step 2. /n i/izs siej* we obtain, for 6 > small, an approximation of the map ^ of 
equation (0j by a by a map ^5 affine in every coordinate except the last one, such 
that ^5 — ^ = 0(5^) near the arc a. 

Let A = ^ o a. Then A : [0, 1] ^(W) C C is a arc. The last coordinate 
A„ is the embedded arc (/) o a. Denote its image A„([0, 1]) by F. Since A„ is an 
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embedding, we can define a map 7 : F — C" ^ by setting 

7(A„(t)) := (Ai(t),...,A„_i(t)) 

Apply Lemma 13.51 it to 7. Hence, for 5 > small, we can find a holomorphic 
75 : BciT,5) C""^ from the 5 neighborhood Bc{T,6), of T in C into C""^ such 
that 75 is bounded in the norm on Bc{T, 5), and on F, we have II75 — 7II = 0(5^). 
We now define for small S > a C"~^ valued holomorphic map ^5 on the open set 
C"-^ X BciT,S) C C" by setting, 

is the first order Taylor polynomial of the C"~^ valued map of n — 1 

variables around the point 75 (w) G C"~^. 
We can rewrite as 



(10) 



where fs , gs are holomorphic maps defined on ^^(r,^). The Mat(„„i)x(n-i)(C) 
valued map gs is given by 



gsiw) := v{-fs{w),w) 



where v is as in equation above, that is, C.z = exp ov. The ^ valued map fs 
is defined by 



(12) 



fsiw) := ^{'jsiw),w) - (exp5f5(w))75(«;). 



We now observe the following two facts which we will be use later. 
1. js and gs are bounded in Since on i?(g(r,5), the map 75 is bounded in 
the norm independently of 5, the same will be true of the functions js and gs- 
That is, there is a constant C > independent of 5 such that for j = 0, 1, 2 we have 



f(i) 



< C and 



9? 



< C. 



2. ^s — \ is small More precisely, suppose that the point Z = {Z,w) is in the 5 
neighborhood Bc^{X{[0,l]),6) of the arc A([0,1]) = ^(Ki n K2) m C^. Then we 
have 



(13) 



6(Z)-e(Z) =0{5'). 
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To see this, note that (Z.w) G i3c"(A([0, l]),S) means that there is a t G F such 
that \\Z — 7(t)|| < S, and \w — t\ < S. Therefore, using the properties of 75, we have 

ii^-T^Hii < \\z - + hit) - jsim + H\Lp\t - M 

< 6 + 0{6^) + C6 = 0{6). 

Now applying Taylor's theorem to the first order Taylor polynomial of 
^{■,w) around the point "ys{w), we see that 

w) - i{Z, w)\\ = 0{\\Z - 7,(«;)f ) = 0{5^). 

Step 3. We now construct an approximation x& of x- 

At this point we require to use a lemma regarding the approximation of functions 
of one variable. In order not to interrupt the flow of the proof we state it here, but 
postpone its proof to § 13.5.31 

Lemma 3.17. Let Bi, B2 and he compact subsets of C such that Si fl S3 = 
and Bi H S2 is a single point, which we call zq. Let < < 1 and let p be a positive 
integer. Then if L is a closed subset of Bi such that L n -B2 = (that is, zq ^ L), 
then there is a constant C with the following property. For 5 > small, if f is a 
holomorphic function in the closed 5 -neighborhood Bc{Bi U B2,d) of Bi U B2 such 
that 

<1, 



ICi'»(Sc(BiUB2,5)) 

then there is a holomorphic fs defined in the 5 neighborhood of B := Bi U B2 U B3 
such that 

and on Bc{L,6) we have 

\f-fs\<C6P. 

To apply Lemma [3.171 to our situation, we will let p = 2 , Bi = A„([0,|]), 
L = A„([0, |]) C Si and B2 = A„([|, 1]). Then as required, we have that Si fl S2 a 
single point Zq = A„(|), and zq ^ L. Also, we have Si U S2 = A„([0, 1]) = F. For 
S3 we take a relatively compact neighborhood of (f){K2 \ Ki) such that Si fl S3 = 0. 
Then S = Si U S2 U S3 D (i){K2). 

Now the holomorphic functions and gs defined in equations (|T^ and (fTT|l above 
are holomorphic in the closed delta neighborhood of F = Si US2. Moreover, thanks 
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to the boundedness of the maps, for any 9 with < 6' < 1 we actually have 

IIMIci>'>( Bc(BiuB2,5) ) and \\95\\ci,o^ Bc^B,uB2,s) ) bounded independently of 5. 

Therefore, by an application of Lemma 13.171 we get holomorphic maps Fs and 
Gs, defined on the S neighborhood As of B = T U B^, such thatjF^} and {Gs} are 
uniformly bounded in the norm independent of 6, and on the set i?(c(A„([0, |]), S) 
we have \\Fs — fs\\ = 0(5^) and \\Gs — gsW = 0(5^). 

We shrink the sets Ki and K2 again so that KinK2 = a([0,i]). We now define 
the map ^5 from C"~^ x As into C""^ by 

(14) ^s{Z, w) := Fs{w) + (exp Gs{w)) Z, 
and let 

(15) xsiZ, w) := {^siZ, w),w) 

We now observe the following properties of the maps xs and ^5 
• $,s{Z, w) (and consequently Xs{Z, w)) is defined on the set C"~^ x As which contains 
a neighborhood of "${1^2) in C*^. 

•Xs is a biholomorphic automorphism of the set C"~"^ x As, and there is a constant 
C > independent of 5 so that 



(16) ixf)' 



< G. 

op 



The derivative of xs is of the form 

showing that x's is a local biholomorphism. Now suppose that Z' G C"~^ and 
w' G As. Then we can solve the equation xs{Z,w) = {Z'. w') explicitly to obtain 
the representations Z = exp{—Gs{w')) [Z' — Fs{w')) and w = w' This shows that 
Xs is a biholomorphism, and its inverse is given by 

Xj\Z, w) = (expi-GsH) {Z - Fs{w)) , w) . 

By construction each of Fs and Gs is bounded in the norm, independently of 6. 
The bound (jl6p follows immediately. 

•In the 6 neighborhood S(o(\^(fri fl K2), S) of^{Ki fl K2) we have that 

\\x-xs\\=0{5') 
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This follows immediately from the fact that the coefficients and exp Gs of ^5 are 
0(5^) perturbations of the coefficients fs and exp gs of ^s- 
Step 4. End of the proof of Proposition fXT^ We now define the promised map 

We observe that 

• By construction xs is a biholomorphic map from the set x As into 
itself. Recall that As = B(c{(j){Ki fl K2), S) U L, where L is a fixed compact 
neighborhood of (j){K2 \ Ki) C C, such that L fl 0(i^i fl K2) is a single 
point. It easily follows from this that "^s is defined on a set of the form 
Bm{Ki n K2, S) UU, where W is a fixed (independent of 6 ) neighborhood of 
K2\K,. 

• \E'^^ and exist locally, and satisfy the equation = \E'^^ o xj'^- Using 
the chain rule and using the fact that ^)'||op < C for a C independent of 
6 proved above we see that there is a constant C independent of S such that 

< C. Another application of the chain rule gives us ||(^5)^^||op < 

C. 

• On the 6 neighborhood Bj^iKi fl K2,5) of Ki fl K2, we have ||<l> - '^s\\ = 
0{5^). 

This completes the proof of Proposition l3.16l except we still need to prove Lemma l3.17[ 

□ 



3.5.3. Proof of Lemma \3. 1 7 We need now to prove Lemma l3.l7l We will require the 



following fact, a proof of which can be found in ) The notation C^'^{K) denotes 
the space of functions on K whose A;-th order derivatives are Holder continuous with 
exponent 9. 

We let C stand for any constant not depending on S. The proof will be in two very 
similar steps, each of which will involve the solution of a 5 problem in one variable. 

Step 1. The aim of the first step is to construct a holomorphic function gs on the 
5-neighborhood of B = Bi U B2 U with the following properties. 
• The norm of gs is bounded independently of 5, that is ||5'(5|Ici(Bc(s 5)) — 
where C is independent of 6. 
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• By hypothesis that the intersection Bi f] B2 is a single point zq. Denote hence- 
forth the disc B([;{zo,6) by Ns, and the holomorphic function f — gs (defined on a 
neighborhood of B^ U B2) by A;^. Then \\ks\\ci,0(^Ns) = 0(5^+'^). 

To construct gs let ■?/' be a cutoff on C which is 1 on a neighborhood of Bi 
(therefore in a neighborhood of the point zq ) and on a neighborhood of B^. We 
now set 

\ f \ ^ f( \ 



Observe that is defined on the closed 5 neighborhood B(fj{Bi U B2) of (and 
this justifies the subscript 6 on A.) After extending by at points where ip = 0, 
we can assume that A^ is defined and smooth on Bc{B,6). Moreover, since / is 
bounded by 1 in the C^'^ norm, it follows that there is a constant C (independent 

of 6), so that \\>^5\\c^,0(^ Bc{B,s) ) < ^■ 

Thanks to Lemma I2.H there is a compactly supported extension A^ of A5 to C 
such that A^ < C (with C independent of S). 

Ci.«(C) 

We now define gs ■= tpf + (z — zqY^"^ * ' where ^|Jf is assumed to be 
where '0 = 0. Then 

• gs is holomorphic in the (5-neighborhood of B, 

• since Xs is bounded in the C^'^ norm, it follows that \\gs\\ci-.o{Bc(B s)) — where 
C is independent of 6, 

•for small enough t we have ks{zo + t) = t^"*"^ (— ^ * A) . The first factor t^'^^ is 
0(6^'^'^) in the norm on the disc A''^. The second term is bounded on this disc in 
the C^'^ norm. Therefore, we easily have 

(17) \\ks\y.e^j,,) = 0i5^^'). 

Therefore, the function gs and ks = f — gs satisfy the conditions stated in the 
beginning of this step. 

Step 2. Now we write / = ks + gs- Observe that gs is already defined in the 6- 
neighborhood oi B = B1UB2UB3. To approximate / we will approximate ks = f~gs 
(which is holomorphic on the (5-neighborhood of B1UB2) by a holomorphic function 
hs defined in the S neighborhood of B. We will set fs = hs + gs- Then, for fs to 
satisfy the conclusion of Lemma 13.171 it is sufficient that 

• ll^<5llci{Bc(-B <5)) bounded independently of 6. 
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• on the set Bc{L,6) (where as in the hypothesis L is a fixed subset of Bi not 
containing the point zq) we have \hs — ks\ = 0{6^). 

To construct hs we proceed as follows. For 6 > small, there is a C°° function as 
defined on the closed 6 neighborhood of B such that 

• < < 1, with = 1 on the neighborhood of the set L, and ct^ = on a fixed 
neighborhood of B^, and 

• Vas is supported in Ns = B(c{zo,6) and furthermore, as satisfies 

1 

52 



'18) \\o^s\\c2(N/,) = O 



Now define a smooth function ^s on Bc{B,S) by setting fis := ^ ■ ks, and 
extending by outside A^^. Thanks to equations (fTHj) and (fT7|) . it follows that 
ll/^<5|lci'9(Bc(B (5)) ~ 0{6P). An application of Lemma I^TD leads to the construction of 
a compactly supported extension /t^ of fis to the whole of C such that 

llA5|lci>9(c) = 0(6^). 

We can assume that the supports of the /i^'s lie in a fixed compact of C (indepen- 
dently of 6). 

Define a holomorphic hs on the 6 neighborhood B(c{B, 6) by setting 

hs := as ■ ks + ( — — * fls 



nz 

where as ■ ks is understood to be if = (even if ks is not defined). It is clear 

that \\hs\\c^Bc^B,s)) < 

Now consider the 6 neighborhood Bc{L,6) of the set L. For small 6, we have 
q;^ = 1 on this set. Then on B{L, 6) we have 

1 



\hs - ks\ 



— * fJ-s 

TXZ 



0(5^). 



This ends the proof of Lemma 13.171 □ 

3.5.4. End of the proof of Prop. \3.1^ : A Cousin problem on a neighborhood of 
K,UK2. 

Lemma 3.18. For 6 > small, there are holomorphic maps Hf and H2 from 
neighborhoods of Ki and K2 respectively into C", such that 

• in a neighborhood of Ki fl K2, we have $ + Hf = "^s + 
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for j = 1,2 we have 



[H^y =0{6-2), and 

op 

• the last coordinates of Hf and H2 are both 0. 

We note that this completes the proof of Proposition 13.151 Consider the map S 
defined in a neighborhood of K = Ki U K2 by 



^5 + 



near Ki 
near K2 



This is a well defined special holomorphic map. To show that it is an immersion, it is 
sufficient to show that the derivative S'(Z') is an isomorphism of vector spaces for Z 

< C (with 



near K. Near K2 we have S' = ( I + (\&^ 



-1 



(if^') j,but 



op 



C independent of b\ and iji^ = 0(6^), so for small S, the linear operator S' is 

op 

an isomorphism. The same conclusion holds in a neighborhood of Ki for S = ^ + Hf. 
The proof of 13.181 will require the following two lemmas: 

Lemma 3.19. Let M. he Stein and let Q (£ Ai be open. There is a constant C with 
the following property. Let U d Vt, where U is a Stein open subset of M., and let g 
be a smooth d-closed (0, l)-form on U which is in LJq i-j{U). Then there is a smooth 
M : — C such that du = g and u satisfies the estimate 



(19) 



\u\ 



<C\\g\\L2^ fu) 



The point of the lemma is that the constant C does not depend on the open set U, 
but only on the relatively compact Q. This is well known in the case when Ai = C" 
(see e.g. j7].) The general case may be reduced to the Euclidean case by embedding 
A4 in some (for details see 

Lemma 3.20. let Q Ai be a smoothly bounded domain. Then, there is a constant 
C such that for any smooth function w : f2 — > C, and any compact K G fl we will 
have the inequality: 

"w||^2(f^) + dist(K, Q'' 



sup \ w\ < C 

K 



\dw\ 



L°°(0) 



(20) \dist{K,Q 
Proof. After using local co-ordinates and scaling, we can see that it is sufficient to 
establish the following inequality for smooth functions w defined on the closed unit 
ball B in C": 



\w{0)\ < K 



\'W\\^2(^B) + ( ^^'^ 



dw 
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This is proved in [Tj( p. 130, Lemma 16.7) □ 

Now we prove Proposition 13 . 1 8l 

Proof. For convenience of notation, we will suppress 6 whenever possible, and write 
$ = (<l>, 0), ^5 = (^5, (p), and = {hj,0), where <l>, and hj are all C""^-valued. 
Then the result is equivalent to solving the valued additive Cousin problem 

/ii - /l2 = ^5 - $ := Rs 

with bounds on hi and h2. We do this using the well known standard method. It 
is clear that {Ki \ K2) fl {K2 \ Ki) = 0, and therefore, we can find a smooth cutoff 
/i in a neighborhood of Ki U K2 such that /i is 1 in a neighborhood of Ki \ K2 and 
in a neighborhood of ^2 \ -ft'i. We get a smooth solution to the Cousin problem 
given by 

hi = uRs extended by where /i = 
^2 = (/U — ^)Rs extended by where ^ = 1 

Observe that hj = 0{5^) for j = 1, 2. 

We want a "correction" u, defined in a neighborhood of K1UK2, so that hj = hj+u 
will be holomorphic, that is, we want to solve the equations d{hj + u) = 0. Both 
of these equations are equivalent to the d equation in a neighborhood of Ki U K2 
given by 

(21) du = g, 

where g is a C"~^ valued (0, 1) form (defined below) on a Stein neighborhood Qs 
of Ki U K2 of the type whose existence was assumed in the hypotheses, that is, Qs 
contains a ^-neighborhood of K1UK2, and is the (5-neighborhood near Kir\K2. The 
smooth form g is defined by g := —Rsdfi on the 6 neighborhood of Ki fl K2, and is 
extended by to i^^. We therefore have 

WgWq^^^in,) < II^IIl- (Vol(support£/))2 

Using Lemma [3. 191 we obtain a function u on Qs such that for some C independent 
of 5, 



n+l 
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For convenience, denote the S neighborhood of K = Ki U K2 by Ks, Then, by 
hypothesis, Ks C Qs, and it follows that dist (^K s , Q'^^ > |. We apply now 
inequality EO of Chapter 1 to u, to conclude that 



< CI- — ||i^||^.(^^) + dist(A-|,r]^j ImiL^ius) 

' dist [Ks, ir^ 



3 



Now, define hj = hj + u. Then we have \\hj\\ < CS^ + C5^ Therefore, on Ks, we 
have \\hj\\ = 0(5^). Applying the Cauchy estimate, the required bound on h'j (and 
therefore (Hj)') follows. □ 

3.6. Mildly singular arcs, Step 3: End of proof of Theorem ^ Let a : 

[0, 1] ^ be a mildly singular arc, and let (p be the associated good submersion 
into C We begin by covering the compact set a ([0, 1]) by a finite cover of open sets 
{Ui}fLi such that 

(1) on each Ui is defined a coordinate map whose last coordinate is (p, and 

(2) the parts of the arc a in the intersections Ui fl f/j+i are all smooth. 

A simple induction argument applied to this cover shows that it is sufficient to 
consider the case when a{[0, 1]) is covered by charts U and V, such that there are 
coordinates ^ : U C", \E' : — C", each having last coordinate (f). On the 
intersection, a is C^, and (j) o a : [0, 1] — C is a arc. Thanks to Theorem I3.12[ 
we have for small 6 > 0, Stein neighborhoods exactly of the type required. 
Therefore, we obtain an immersion S from a neighborhood of a([0, 1]) into C"", 
whose last coordinate is 0. But (p o a is injective, so that S is also injective near 
Q!([0, 1]), that is, there is a neighborhood of the arc on which S is a biholomorphism. 
□ 

4. Approximation of Maps into Complex Manifolds 

We will continue to denote by a complex manifold of complex dimension n 
which has been endowed with a Riemannian metric (as before, the actual choice of 
the metric will be irrelevant.) In analogy with the notation of SectionElwe introduce 
the following conventions. For a compact K in C, the notation T-l{K,Ai) denotes 
the space of holomorphic maps from K to Ai. A map / : K ^ Ai is in T-C{K , Ai) 
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iff ttiere is an open set f// in C witli K C Uf and a fioiomorpfiic F : Uf ^ A4, 
sucfi ttiat F restricts to / on K. By A''{K,A4) we denote tlie ciosed subspace of 
C^{K, M) consisting of tliose maps wliicli are lioloniorpliic in tlie topological interior 
int K of the compact set K. The space A^{K, A^) will always be considered to have 
the topology inherited from C^{K^M.). When M. is the complex plane C we will 
abbreviate H{K, C) and A^{K, C) by H{K) and A^{K) respectively. 

By a Jordan domain in the plane, we mean a domain whose boundary dVt 
consists of finitely many Jordan curves (homeomorphic images of circles in the place). 
A Jordan domain is said to be circular if each component of dVL is a circle in the 
plane. A domain is a Jordan domain in which each component of dVL is a 
embedded image of a circle. 

We now state the approximation results in our new notation. 

Theorem 3. Let 1] d C &e a Jordan domain. Then 7i (fi, Ai) is dense in A^iVL, M). 

For an analogous result for maps with k > l,we have to assume more regularity 
on the boundary: 

Theorem 4. Let Q <£ (C aC^ domain, i.e. it is bounded by finitely many Jordan 
curves. If k >1, the space H (Q,A4) is dense in A^{Q,J^). 

Before we proceed to prove Theorems El and |3J we will show that the boundary 
regularity required in |21 can be reduced. We will show that in Theorem |21 it is 
sufficient to consider the case when f2 is a circular domain, i.e. it is sufficient to 
prove the following: 

Theorem|3I For a circular domain W , the subspace Ti {W , is dense in AP{W , M.) 
We will require the following two facts from the theory of conformal mapping : 
(a) (Kobe) Let f2 be a Jordan domain. Then there is a circular domain which is 
conformally equivalent to Vt.{h) (Caratheodory) Let VLi and VL2 be finitely connected 
Jordan domains, and f : Vti ^ Vt2 a. biholomorphism. Then / extends to a 
homeomorphism from Vti onto VL2. (See, for example, Theorems IX.35 and 
IX. 2 respectively. In this reference (b) is stated for simply connected domains but 
the proof readily extends to the multiply connected case) 

Lemma 4.1. Theorem{^ and Theorem\^are equivalent. 

Proof. It is clear that Theorem IHl implies Theorem [HI , since a circular domain 
is also a Jordan domain. For the converse we proceed as follows. Let f2 be a 



ARCS AND APPROXIMATION 



35 



Jordan domain. Thanks to the two facts from the theory of conformal mapping 
mentioned before this proposition, it follows that there is a circular domain W such 
that there is a homeomorphism x '■ ^ ^ W which maps Q conformally onto W. Let 
/ G Ai). Then / o is in Ai), so by hypothesis we can approximate 

it uniformly by functions g & H (W,^A). Since x ^ A'^{^, C), thanks to a version 
of Mergelyan's theorem (see [H], Theorem 12.2.7.), it can be approximated uniformly 
on f2 by functions % G (fi, C) . Therefore, o ^ is a holomorphic map defined in a 
neighborhood of Q which approximates / uniformly. This establishes the lemma. □ 

4.1. Approximation on Good Pairs. This section is devoted to the development 
of some tools which will be used in ^4.21 (along with the results of Section El We 
begin with a few definitions. 

Definition 4.2. We say that a pair {Ki, K2) of compact subsets of C is a good pair 
if the following hold: 

(A) Ki and K2 are "well-glued" together in the sense that 

Ki\K2n K2 \ = 0. 

(B) Ki n K2 has finitely many connected components, each of which is star shaped. 

We now state the basic approximation result which will be used in the proof of 
Theorems 01 and IH 

Theorem 5. Let {Ki,K2) be a good pair of compact sets, and let V be a compact 
subset of C disjoint from Ki such that the following holds. For a fixed k > 0, 
given any g G A^{K2, C) and an r] > 0, there is a gr, E A^{K2 U V, C) such that 

\\g — 9v\\c''(K2) ^ ^■ 

Let f G A''{Ki U K2,M) be such that each of the sets f{Kj), for j = 1,2 is 
contained in a coordinate neighborhood of M.. Then, given e > there is an 
fe G A^{KiU K2,Ai) such that distcfc(ft:iui4'2,A^) (/' /e) < ^' '^'^^ /e exientis as a 
holomorphic map to a neighborhood of {K2 fl V) . 

Of course this is of interest only in the case when K2r\V ^ ^. We split the proof 
into several steps. 

Observation 4.3. (Additive Cousin problem C'^ to the boundary.) Let {Ki,K2) be 
a good pair. For each k > 0, there exist bounded linear maps Tj : A'^lKi (1X2, C) — 
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A^{Kj, C) such that for any function f in A^{Ki fl K2, C) we have on Ki fl K2, 
(22) T,f + T2f = f, 

Proof. We reduce the problem to a 9 equation in the standard way. Let x be a 
smooth cutoff which is 1 near Ki \ K2 and near K2\Ki. Let A := /.g, so that 
A G A'^iKi n K2,<C). Let < 6* < 1. Thanks to Lemma ITTl there is a bounded 
hnear extension operator E : C^{Ki fl K2) — * C'^^^'^(]R^), such that each for g, 
the extension Eg is supported in a fixed compact set of R^. We can now define 
TJ = (1 - x)-f + h * {EX), and T2/ = x-/ - ;^ * {EX), where (1 - x)-/ (resp. 
X-f) is assumed to be at points where x = (resp. (1 — x) = 0) even if / is not 
defined. Since for f/ d C, the map v i?, bounded from C^^^'^{U) to C'''^{<C), 

the result follows. □ 

We use Observation 14.31 to prove a version of the Cartan Lemma on factoring 
matrices similar to one found in j^, pp. 47-48. 

Lemma 4.4. Let {Ki, K2) he a good pair, and let g G A^{Ki fl K2, GLn{'C)), where 
k > 0. Then, for j = 1,2 there are gj G A''{Kj, G'L„(C)) such that g = g2 ■ Qi on 
K,nK2. 

Proof. Denote by (J5j the group A^{Kj,GLn{C)) and by (J5 the group A''{Ki fl 
K2.,GLn{€)). Let : ©1 X 02 ^ (S be the map lJ-{gi,g2) = fl'2kini^2 " 9i\KinK2- 
Its derivative at the point (l^jjl^j) is given by the linear map from the Banach 
space A''{Ki,Matnxn{'C)) © ^'=(K2,Mat„xn(C)) into the Banach space A''{Ki (1 
K2, Mat„xn(C)) given by {hi, h2) ^ ^11^101^2 + ^2|_ft:inX2- Thanks to observation 14.31 
above, this is surjective. Consequently, there is a neighborhood U of the identity in 
(5 such that for any g E U there are gj in &j such that g = g2gi on Ki fl K2. This 
proves the assertion when g is in the neighborhood U. We may assume without any 
loss of generality that the exponential map is surjective diffeomorphism onto U from 
a neighborhood V of in A''{Ki n K2, Mat„xn(C)). 

For the general case, observe that thanks to the fact that each component of 
Ki n K2 is contractible, the group (3 is connected, and hence is generated by the 
neighborhood U of the identity. Therefore, we may write g = Y[iLi^^P{^i)^ where 
the hi G V. Now, the set C \ fl K2 is connected, and therefore it is possible 
to approximate each hj by an entire matrix valued hj such that on Ki Ci K2. Let 
g = Yl^jf 9 ~ ' 9- approximation of hj by hj is close enough g E U, 
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and consequently it is possible to write g = a2ai, where aj G We can take 
Qi = tti and g2 = ga2 to complete the proof. □ 

The following solution of a non-linear Cousin problem is due to Rosay (PI], also 
see comments in |12j). 

Lemma 4.5. Let uj he an open subset of C" and let F : uj ^ C" he a holomorphic 
immersion. Let {Ki, K2) denote a good pair of compact suhsets of C, and for some 
k > 0, let ui E A''{Ki, C") he such that ui{Ki fl K2) C cu. Given any e > 0, there 
exists 6 > such that if U2 G A''{K2,'C^) he such that \\u2 — F{ui)\\ < 5, then for 
j = 1,2 there exist Vj G A''{Kj, C") such that \\vj\\ < e, and U2 + V2 = F{ui + Vi). 

It is important to note that the map Ui is fixed. In ^2]; a version is proved 
in which this restriction is removed. This requires a version of Cartan's lemma 
for hounded matrices (see (0)),a result valid if i^i, K2 and Ki U K2 are simply 
connected. Unfortunately, such a result could not be proved for the more general 
Ki,K2 considered here. The proof will use the following well-known fact from the 
theory of Banach spaces, which can be proved using a standard iteration argument 
(see 0, pp. 397-98) : 

Lemma 4.6. Let £ and T he Banach Spaces and let $ : B£{p, r) J-" he a map. 

Suppose there is a constant C > such that: 

• for each h G Bs{p, r), the linear operator $'(/i) : S ^ J-" is surjective and the 
equation ^'{h)u = g can he solved for u in £ for all g in with the estimate 
WA^ <C\\g\\p. 

• for any hi and /12 in Bs{p,r) we have ||$'(/ii) — $'(/i2)|| < 1^. 
Then, 

<l>(i?^(p,r))D5^($(p),^). 

We now give a proof of Lemma 14.51 

Proof. Denote by 8 the Banach space A''{Ki, C") © A^{K2, C"), which we endow 
with the norm ||-||^ := max ^|H|_4fc(i^^ , IMUfc(E'2 C"))- Also, let the open subset 
W of £^ be given by {(1^1,1^2) : Wi{,Ki fl K2) C uj}. Then (^1,102) G U, for any 
W2 G ^*=(i^2,C"). a Let T be the Banach space A^{Ki n ^2,^"). Consider the 
map $ : W — s> JF given by $(101,^2) := ^21x^^X2 — F o (tyi|xinX2)- A computation 
shows that $'(101, W2) is the linear map from S to given by {vi, V2) ^ V2\KinK2 ~ 
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F'{wi\KinK2){'^i\KinK.2)- Observe that W2 plays no role whatsoever in this expression, 
and therefore ^'{wi,W2) G BL{S,J-') is in fact a smooth function of Wi alone, and 
we will henceforth denote it by ^'{wi, *). 

We construct a right inverse to . Let 7 = F'('Ui)|xinX2- Then 7 G 

A''{Ki n K2, GLni^C)), and thanks to Lemma (4.41 above, we may write 7 = 71 ■ 72, 
where jj G A''{Kj, GLn{<C)). (We henceforth suppress the restriction signs.) For 
g G J-', let S{g) = (— 7r"'^7i(72"^5(), 72X2(73^ ""^^f)), where the Tj are as in equation |221 
above. Then is a bounded linear operator from JF to and a computation shows 
that o S{g) is the identity map on JF. Choose ^ > so small so that if 

Wi E J-" is such that \\wi — -UiH < 9 then (a) the equation ^'{wi,*)u = g can be 
solved with the estimate \\u\\ < 2 US'!! \\g\\, and (b) — *) H^p < gpj|. 

(These follow from continuity and the fact that small perturbations of surjective 
linear operator are still surjective) Consequently, if e < 6^ and U2 G A^{K2, C"), for 
the ball B£{{ui,U2),e) the hypothesis of Lemma are verified with C = 2||S'||. 
We have therefore. 



So, if 11^2 — F(mi)|| < we have G $ (Sf((Mi, U2), e)). This is exactly the 



We will now prove Theorem |31 

Proof. We omit the restriction signs on maps for notational clarity. For j = 1, 2 let 
the coordinate neighborhoods Vj of M. be such that f{Kj) C Vj. We begin by fixing 
biholomorphic maps Fj : Vj — FjiVj) C C^, and set F = F2 o F^^. Then F is a 
biholomorphism from the open set u = -Fi(Vi fl V2) onto the open set ^2(^2 H V^i). 
Moreover, a pair of maps Wi and W2 from Ki and K2 respectively "glue together" to 
form a map from Ki U K2 (i.e., there is a map h : K Ai such that Wj = Fj o h), 
only if W2 = F{wi). 

Let ui = Fio f e >l'=(Ki,C"). Since V n Ki = by hypothesis, the pair of 
compact sets {Ki, K2 U V) is good. Fix eo > and let > be the 6 corresponding 
to e = eo in Lemma Wl^ for the good pair {Ki,K2 U V) and F,uj,ui as defined 
above. Let U2 G A^{K2 U y, C") be a C'^ approximation to F2 o (/|/^2) such that 
U2{K2) C V2, and \\u2 — F('Ui)|| < 5q. (Such a U2 exists by hypothesis). 




conclusion required. 



□ 
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Then, by Proposition g^l there is a vi G A''{Ki, C") and a G A''{K2 U 
such that \\vj\\ < eo and ^2 + f 2 = F{ui + Vi). Hence the maps ui + vi and U2 + V2 
glue together to form a map f^^ given by 



Clearly, f^^ is in ^'^(i^i U K2,Ai), and extends to a holomorphic map near K2 fl V. 



4.2. Proof of theorems 1^ and|31 Let A; > 0, be an integer, and let the domain Q 
be circular if = 0, and if k > 1. We fix / G A^{Q, Ai). We wantto approximate 



The basic idea of this proof is to slice the f2 by a system of parallel lines. If the 
slices are narrow enough, we will show that thanks to the results of Section 01 the 
graph of / over each slice is contained in a coordinate neighborhood of Ai. We 
will further show that the slicing can be done in a way that the unions of alternate 
slices form a good pair. Consequently, we can use the results of ^4.11 to prove the 
approximation results. We break the proof up into a sequence of lemmas. 

Lemma 4.7. Denote by F the map in ^^(fi,C x M.) given by F{z) = {z,f{z)). 
For real ^, let be the vertical straight line {z: ^z = ^}. Then, 

• F{L^ n Q) has a coordinate neighborhood in <C x At, and 

• There is a nowhere dense E G H such that if ^ ^ E, the line meets dfl 
transversely. If k = 0, the set E can even be taken to be finite. 

Proof. We first prove that F{L^r\fl) has a coordinate neighborhood. Each connected 
component of fl 1) is a point or a compact interval, and thanks to the injectivity 
of F, if we show that for each such component /, the set F{I) has a coordinate 
neighborhood in C x A4, it will follow that F{L^r\Q) has a coordinate neighborhood 
in C X tVI . This is trivial if the component J is a point. Therefore, let / be a compact 
interval. We consider three cases: 

Case 1: = 0. In this case is a circular domain, and hence for each ^ the set 
n dVt and a fortiori I fl dVt is finite. Consider the arc F|/ in C x A^. This arc is 
real analytic off the finite set of points / fl (9f2, and the projection : C x ^ C 
has the property that (j) o (F|/) is the inclusion map / C Consequently, F\i is a 
real analytic mildly singular arc in the sense of Definition 13.41 and hence thanks to 




Moreover, distcfc(/eo, /) = 0(eo). The result follows. 



□ 



/ in the 



sense on VL. 
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Theorem 121 has a coordinate neighborhood. 

Case 2: A; = 1. In this case, the arc F|/ is C^. As in the last case, let <p be the 
projection : Cx — > C, which has the property that (po[F\i) is the inclusion map 
/ C. Therefore, Proposition . HI applies . and F{I) has a coordinate neighborhood. 

Case 3: k > 2. In this case F\i is a embedded arc with k > 2, and hence by 
Corollary \'A.2\ it has a coordinate neighborhood. 

We now turn to the second conclusion. In the case k = 0, the domain Q is circular, 
hence dQ is a disjoint union of circles. is not transverse to dQ iff it is tangent to 
some component circle of dQ. So we can take E to be the finite set of ^'s such that 

is tangent to dQ. 

In the case A; > 1, let F be a connected component of dQ. We can parameterize 
r by a map 7 = 7i + 272 : S*"*^ — F C C The line is not transverse to F iff ^ is 
a critical value of '■ K.. By Sard's theorem, the set of critical values of 

72 is of measure 0. Of course E is closed. We let E = [jEr, with a union over the 
finitely many components F of dfl. Then E is nowhere dense. □ 

We make the following simple observation: 

Observation 4.8. Let u and v he real valued functions defined on a neighborhood 
of in H such that for each x, we have u{x) < < v{x). Then there is an r] > 
such that for < 9 < rj, the vertical strip 

S ■= {{x,y) G R^: X G [-9,9],u{x) <y < v{x)} 

is star shaped with respect to the origin. 

Proof. Clear. □ 
We will now decompose f2 into a good pair (Ki, K2). 

Lemma 4.9. Let F he as in Lemma \4.T\ There is a good pair {Ki,K2) such that 
KiU K2 = fi, and each F{Kj) has a coordinate neighborhood Vj in (C x Ai. 

Proof. Thanks to Lemma 14.71 for each vertical line L, the set F{L fl Q) has a 
coordinate neighborhood in C x A^. By compactness we can find finitely many 
points 

Xq < Xi < ■ ■ ■ < Xn, 
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such that for j = 0, . . . , — 1 the set {F{z) : Xj < < Xj+i, z ^ Q} has a 
coordinate neighborhood in C x and each component of {2; G C: Xj < ^z < 
Xjj^i,z G fl} is simply connected. We will impose the following condition on the 
points Xj : for each j, the vertical line ^z = Xj meets dfl transversely at each point 
of intersection. Since the set E of ^'s such that ^z = ^ is not transverse dfl has 
been shown above to be closed and of measure 0, this can be easily done. 

Therefore, dQ is a union of (an even number of ) graphs of functions in a 
neighborhood of each of the vertical lines ^z = Xj. Thanks to Observation 14.81 
above, there is an rj such that if 6 < i], each component of the intersection of Q 
with a vertical strip of width 9 about the line ^z = xj is star shaped. Define the 
compact subsets Ki and K2 of C given by 

Ki := {z G U: x^j-i - 9 < ^z < X2j + = 1, 2, . . .} 

and 

K2 := [z eVL: X2j < < X2j+i,j = 1, 2, . . .}. 

In other words, K2 (resp. Ki) consists of the slices of Q over the odd numbered 
intervals in the partition xq < Xi < ■ ■ ■ < x^ (resp. the slices over the even 
numbered ones slightly enlarged). The sets Ki \ K2 and K2 \ Ki are disjoint, and 
each F{Kj) has a coordinate neighborhood in C x A4, which will be our Vj. 

□ 

We can now use Theorem El to prove the following approximation result: 

Proposition 4.10. There is a point p G dQ with the following property: given 
any e > 0, there is a neighborhood of p in <C and a map g G {^,M), such 
thatdistQk(Q j^^if, g) < e, and g extends as a holomorphic map to U^. 

Proof. The proof is an application of Theorem |S| Let as before, F{z) = {z,f{z)). 
In the notation of that lemma we choose the following data: 

• the good pair {Ki , K2) will be the one in the conclusion of Lemma l^^ so that 
KiU K2 = fi, and each of F{Ki) and F{K2) has a coordinate neighborhood 
inCx M. 

• Let p G {K2 \ Ki) n dQ, and let y be a closed disc around p such that 
VnKi = 0. It is clear (e.g. by an easily established version of Mergelyan's 
theorem) that any function in A'^{K2) can be approximated in the sense 
by entire functions, therefore a fortiori by functions in A^{K2 U V). 
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• We will let the target manifold be C x 7V1 (denoted by 7V1 in the statement 
of lemma El), and the map to be approximated be F. As remarked above, 
F{Kj) has a coordinate neighborhood in C x A^. 

Therefore, by Lemma we obtain a C'^ approximation G to F on Ki U K2 = 
Q, where G extends holomorphically to some neighborhood Ue of p, and we have 
distQk(Q j^){F, G) < e. Let g = ivj^ o G, where 7r_M : C x — is the projection 
onto the second component. □ 

At this point, the approximation has been achieved in a neighborhood of one 
point p in the boundary. We could repeat this process, thus obtaining a proof of 
Theorems EI and ^ This would require a strengthened version of Proposition 14.101 
in which (i) we can choose the point p arbitrarily, and (ii)the diameter of the set 
dfl n Ue is independent of p. This is the route followed in j3| . 

In this paper however, we complete the proof using a technique found in [21, which 
in the setting of our problem allows us to avoid entirely the method of successive 
bumpings outlined above. We explain this method in the following lemma. 

Lemma 4.11. Let D be a domain in the plane, and let V be an open set in C 
such that dD fl V 7^ 0. Then there is a one parameter family ipt G Ti^D), such that 
for small t > 0, we have ipt{D) G D UV, and as t , ipt —>■ ipo the C°° sense, 
where i/jq is the identity map ipoi^) = z. 

Proof. The case in which dD is connected being trivial, we assume that it has at 
least two components. For a Jordan curve C C C , denote by P{G) the bounded 
component of C \ C. Let {Gk}l^Ji^ be the components of dD, where V fl Gm+i 7^ 0- 
There is a component Cj of dD with the following properties : for k ^ j, we have 
(i) Cfc C P{Gj) and (ii)/?(Cfc) n D = 0. Call Cj the outer boundary of D. 

Without loss of generahty we may assume that the outer boundary of D is Cm+i- 
If this is not already the case, make in a neighborhood of D the change of coordinates 

2 

z iz^) where zq G (3{Gm+i), and p > is so small that Bc{zo,p) d P{Cm+i)- 

Let VomVhe such that Vq n Gm+i 7^ 0, and for 1 < A; < M, we have VonGk = 0. 
Let r = dD \ Vq. Then C \ F has M + 1 components. Exactly one of these is 
unbounded, and this component contains the set Gm+i \ Vq. Let P be a set of M 
points, such that for j = 1, . . . , M, each bounded component l3{Gj) of C\F contains 
exactly one point of P. Of course, P D D = 0. 
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Let be the inward directed unit normal vector field on dD. Identifying TC 
with C, the restriction A^|r is a continuous function on the set T. Since F has no 
interior, and C \ F has finitely many components, can be uniformly approximated 
on F by rational functions holomorphic on C\P. We therefore obtain a holomorphic 
vector field X on D such that X\y is directed inward, i.e., towards D. Denote by ifjt 
the holomorphic flow generated by X. Clearly, on any compact set, ipt approaches 
the identity in all norms as t — 0. For small t > 0, we have il^tiX) C -D, and by 
continuity, ^t{dDr\%) C V. Therefore, tpt^dD) C DUV , so that ^^(D) C DUV . □ 

We can now end the proof of Theorems 01 andlH Suppose that e > is given, and 
we want to find a. h E A^iVt^JVl) such that distQk(yi j^^{f , h) < e. Using Lemma l4.ini 
above, we can construct an approximation g which extends holomorphically to a 
neighborhood of a point p on the boundary, and we have dist^ft(-^^)(/, (7) < |. 
In lemmma 14. 1 II let V = U^, and D = Q. Let ipt be the family of biholomorphisms 
in the conclusion of Lemma 14.111 Then, gt = (7 o is in A^) for small t, 

and as t ^ 0, we have gt g in the sense on Vt. Therefore, taking t > small 
enough we obtain h = gt such that dist^fc(^^)(/i, g) < |. TheoremsOI (and therefore 
Theorem El) and ID are therefore proved. 
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